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ABSTRACT
Preserving the T-duality invariance of the continuum string in its random
lattice regularization uniquely determines the random matrix model poten-
tial. For D=0 the duality transformation can be performed explicitly on the
matrix action, and replaces color with flavor; invariance thus requires that
the color and flavor groups be the same.
1 Internet address: siegel@insti.physics.sunysb.edu.
1. INTRODUCTION
By definition renormalization must preserve as many properties as possible of
a classical field theory. In particular this includes a maximal set of nonanomalous
global or local symmetries. The simplest way to renormalize consistently with this
requirement is to use a regularization scheme that automatically preserves as many
as possible of these symmetries, so as to avoid the inconvenience of finite renormal-
izations and Ward-Takahashi-Slavnov-Taylor identities. Regularization schemes that
preserve symmetries (such as dimensional regularization) also tend to make calcula-
tions simpler.
One regularization scheme that has the added benefit of providing a calculational
scheme for nonperturbative quantum field theory is the use of a lattice. In the case
of strings, the worldsheet is replaced with a lattice, whose two-dimensional nature is
preserved by the topological properties of the 1/N expansion, and whose arbitrary
worldsheet metric is manifested through the randomness of the Feynman diagrams
that represent the lattices [1]. These Feynman diagrams belong to an underlying field
theory whose bound states are strings. Generally the continuum limit, which is the
limit of vanishing worldsheet cosmological constant, also requires the limit of infinite
colors (N), as a result of dimensional transmutation. However, the “lumpy” string
that results from fixed N may be of more physical relevance, and can be treated by
expansion about the continuum string.
The fact that this lattice replaces the worldsheet, and not physical spacetime (as
in lattice QCD), means that spacetime symmetries, such as Poincare´ invariance, can
be manifestly preserved by this regularization. However, one spacetime symmetry of
(closed) string theory that has been completely ignored on the worldsheet lattice is T-
duality invariance [2]: Although T-duality transformations on random lattices have
been considered [3], the fact that the continuum string theory is invariant under
this transformation has never been used to define the lattice regularization of the
worldsheet. By T-duality we refer here to the transformation ∂mx = ǫmn∂
nx′; i.e.,
Hodge duality on ∂x. In this paper T-duality will be applied to the underlying
fundamental fields of the random matrix model, and not just the composite fields
of the string theory, whose T-duality transformations are commonly studied through
the introduction of background fields.
Since neither the regularization nor the renormalization of these matrix models
has been shown to preserve T-duality invariance, it is not clear whether spurious
terms might have been introduced into the path integral, in the same way that using
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a momentum-space cutoff for QCD produces terms that aren’t gauge invariant. Al-
though such terms might be avoided in lower dimensions, universality is not expected
in more-physical cases. Also, we may want to preserve symmetries for finite N . In this
paper we show that duality invariance uniquely determines the lattice regularization
by fixing the matrix model potential, and find the resulting model. At least in D=0,
this model of “gluons” (hermitian matrices) has a natural interpretation in terms of
a theory of self-interacting bosonic “quarks” (complex matrices), whose action has
just quadratic and quartic terms.
In D=0 the only effect of the duality transformation is to replace a Feynman
graph with the dual graph. We show how to explictly perform this transformation
on the matrix model action. Duality switches the color and flavor of the quarks, so
duality invariance requires the equality of the color and flavor groups.
2. THE MODEL
A T-duality transformation on a quantum field theory, as defined by treating that
theory as the underlying theory of a string theory, has two main effects on the Feyn-
man diagrams of that field theory [4]: (1) It replaces the propagator with its Fourier
transform. This is a trivial invariance for the usual strings, where these propagators
are Gaussians. (However, in more-realisitic field theories, with 1/p2 propagators, this
is an invariance only in D=4 [5].) (2) It replaces the Feynman diagram (lattice) with
the dual lattice — the graph resulting from replacing vertices with loops (faces) and
vice versa. This is the lattice version of Hodge duality.
Invariance of the theory under replacement of a diagram with its dual diagram
not only requires that both diagrams actually exist as Feynman diagrams of that the-
ory, but also that the weights of those two diagrams be identical. The symmetries of
two dual diagrams are the same, so they have identical combinatoric factors; thus we
need to compare only the products of their coupling constants. Duality relates dia-
grams that not only have different numbers of vertices, but also vertices with different
numbers of lines, so it relates the different n-point couplings. Since any theory has
diagrams with loops with an arbitrary number of sides, the dual diagrams will have
vertices with an arbitrary number of lines, so the potential must be nonpolynomial.
It is simplest to consider vacuum graphs, and the duality of the corresponding
polyhedra (which approximate the sphere). The “watermelon” graph consisting of n
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propagators connecting two n-point vertices is dual to a single loop with n two-point
vertices. From this we find
Nn(gn)
2 = N2(g2)
n ⇒
∣∣∣gn
N
∣∣∣ =
∣∣∣g1
N
∣∣∣n
which is sufficient to determine all couplings in terms of the one-point coupling, up to
signs. (In particular, it tells us g1 is nonvanishing.) The “daisy” graph, consisting of a
single 2n-point vertex with n loops, is dual to the “pincushion” tree graph, consisting
of one n-point vertex whose legs are terminated by n one-point vertices. This gives
the relation
Nn+1g2n = Ngn(g1)
n ⇒ g2n
N
=
gn
N
(g1
N
)n
which determines all even-point vertices from lower-point ones: e.g., g2/N = (g1/N)
2,
g4/N = (g1/N)
4. Replacing one “petal” of the daisy with a “pin” does the opposite
on the dual graph, giving the relation
Nn+1g2n+1g1 = N
2gn+2(g1)
n ⇒ g2n+1
N
=
gn+2
N
(g1
N
)n−1
which determines all odd-point vertices except g3 from lower-point ones. Finally, the
lollipop graph (loop with a stem) with a two-point vertex on the loop is dual to the
figure-eight graph with a two-point vertex on one loop, so
N2g2g4 = N
3g1g2g3 ⇒
g3
N
=
g4
N
(g1
N
)−1
These diagrams are thus sufficient to solve for all vertices in terms of the one-point
vertex. The unique solution for the n-point couplings is then
gn = Ng
n
in terms of a single coupling g.
One might worry that duality for all Feynman graphs would overdetermine these
couplings, but the identity (from counting ends of all lines)
∑
nVn = 2P −E
for Vn n-point vertices, P propagators, and E external lines shows that
∑
nVn is an
invariant under duality (since P and E are). Thus in vacuum graphs g always appears
as g2P : While usually either the total number of vertices V (=
∑
Vn) or the number
of loops L is used to define the “area” of the lattice, the duality invariant definition
4
is to use something proportional to their average, which follows here from the usual
h¯-counting identity
P − V = L− 1 ⇒ P = V + L− 1
The potential for the hermitian N ×N matrix field φ appearing in e−S is then
−N
∞∑
n=1
1
n
gnφn = N ln(1− gφ)
(The combinatoric factor is 1/n and not 1/n! because we consider only planar di-
agrams, so lines from a vertex are ordered.) This result can also be obtained as a
special case of the work of [6], where general weights for both vertices and loops
were considered, by restricting their potential to be U(N) invariant and have equal
couplings for vertices and loops.
This gives the action
S = tr
∫
dDx
(2π)D/2
[
1
2
φe− /2φ+N ln(1− gφ)
]
If we rescale φ→ φ/g we can associate the coupling with the kinetic term:
S ′ = tr
∫
dDx
(2π)D/2
[
1
2g2
φe− /2φ+N ln(1− φ)
]
along with a rescaling of the functional measure. This gives the above counting of g’s
in terms of propagators. The form appropriate for the 1/N expansion is obtained by
further rescaling g → g/
√
N :
S ′′ = N tr
∫
dDx
(2π)D/2
[
1
2g2
φe− /2φ+ ln(1 − φ)
]
This model was considered in [7]. It is related to the Penner model [8], except that
here (the exponential of) the worldsheet cosmological constant modifies the kinetic
term rather than the potential.
3. DUALIZATION OF RANDOM MATRIX FIELDS
We now specialize to the simplest case, D=0. Then
Sφ = tr
[
1
2
φ2 +N ln(1− gφ)
]
with the unitary “color” symmetry
φ→ UcφU−1c
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The logarithmic term suggests its derivation from bosonic “quarks”, in addition to
the scalar “gluons” φ. This gives a more natural-looking form for the action that is
real for all values of the fields:
Sψφ = tr
[
1
2
φ2 + ψ†(1− gφ)ψ
]
for the complex (N ×N) matrix ψ with N colors and N flavors, which gives the pre-
vious action as an exact result after Gaussian integration. The quark field transforms
under both color and flavor symmetries
ψ → UcψU−1f
Unlike QCD, this 1/N expansion with gluons and quarks describes only closed strings
and not open, since in models with the number of flavors proportional to the number
of colors the topological expansion is identical to that of pure Yang-Mills theory.
The action Sψφ actually somewhat resembles 2D QCD [9] in that there is no gluon
self-interaction.
We can instead perform the φ integration on Sψφ, which is now also Gaussian, to
find
Sψ = tr
[
ψ†ψ − 1
2
g2(ψ†ψ)2
]
The quartic term has the wrong sign, just as in the usual φ4 matrix model of strings.
Such models have been studied in [10,11], and shown to give results similar to those
of hermitian matrix models.
This action can in turn be derived from an action similar to Sψφ, but with φ
replaced by a flavor field χ:
Sψχ = tr
[
1
2
χ2 + ψ(1− gχ)ψ†
]
where the new field transforms under only the flavor symmetry
χ→ UfχU−1f
Finally, we reverse the initial step by integrating out ψ to obtain an action identical
in form to the original one Sφ:
Sχ = tr
[
1
2
χ2 +N ln(1− gχ)
]
The most interesting thing about these transformations is that they explicitly
perform a duality transformation on the matrix model action. To relate to the usual
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definition of T-duality in terms of Feynman graphs, we examine the effects of these
field transformations on the diagrams, and observe that they explicitly perform a
construction that replaces a graph with the dual graph, where the original graph is
drawn with color lines, while the dualized graph is drawn with flavor lines. As usual,
each propagator is drawn with a double line, each line representing an index on the
matrix, and the continuity of the lines representing the (unitary) symmetries. The
planar graphs are those in which no lines cross, and all external lines are on the outside
of the graph. (Actually, we here consider vacuum graphs drawn on the sphere.) The
original graph is one following from Sφ. The equivalent graph from Sψφ results from
inserting a (one-line) flavor loop into each vertex. Eliminating φ to obtain Sψ has the
effect of contracting the φ propagators to points. Then introducing χ to obtain Sψχ
causes χ propagators to expand the ψ four-point vertices. Thus the change from Sψφ
to Sψχ has replaced all φ propagators (double color lines) with χ propagators (double
flavor lines) pointing in the orthogonal direction. Finally, eliminating ψ to obtain Sχ
simply shrinks all the color loops to points. Thus all color vertices have been replaced
with flavor loops, all color loops have been replaced with flavor vertices, and all color
propagators have been replaced with orthogonal flavor propagators. So, switching
from color to flavor is exactly a duality transformation.
We can also consider more general models, using the same form of action as Sψ,
with N colors but with a different number M of flavors [10,11]. Such a theory is not
duality invariant, but duality transforms a modified Sφ
Sφ = tr
[
1
2
φ2 +M ln(1− gφ)
]
for N × N φ into a modified Sχ that is identical in form to the previous but with
χ M ×M . In particular, we can thus duality transform this Sφ for the case M = 1
to an Sχ for a single variable (1 × 1 matrix) χ. Such “vector” models have been
studied in [12,11]. The double-scaling limit used for the Penner model [13] and its
generalizations kept N−M fixed at a nonvanishing value, while effectively taking the
limit of our g →∞, while in our case we must fix N −M = 0 for duality invariance,
and take a double-scaling limit where g goes to a finite nonvanishing constant.
For D>0 an auxiliary term for ψ as in Sψφ generates a δ
D(0) coefficient for the
logarithmic term, which violates duality, so the form of the duality transformation
will require some generalization.
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